A Quantum Spin Hall Round Disk as a Spin Rotator and Filter 
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We study theoretically the spin transport of a Quantum Spin Hall round disk. When an electron 
traverses the disk in virtue of the edge states, its spin's in-plane component can be rotated by a 
magnetic flux through the disk. The spin rotation occurs due to the interference of two helical edge 
states with opposite spins, which is regarded as the Aharonov-Bohm effect in the spin space and a 
manifestation of the Berry phase. Besides, the disk has a spin filter effect on the tunneling current 
when we apply an appropriate magnetic field and gate voltage on it. The spin polarization ratio 
can reach 100% when the couplings between the disk and leads are weak. 

PACS numbers: 75.47.-m, 72.25.-b, 72.20.My 



I. INTRODUCTION 

The geometric phase of quantum system undergo- 
ing adiabatic, cyclic evolution was first discovered by 
Berryii and a simple geometric interpretation was given 
by Simon^. It has a tremendous impact on various areas 
of physics which have triggered active researches over a 
quarter of century. Now it is recognized that the geo- 
metric phase is an important concept of quantum mech- 
anism both from a theoretical perspective and potential 
applications. A manifestation of the Berry phase is the 
well-known Aharonov-Bohm (AB) effect^ that an electri- 
cal charge which cycles around a magnetic flux. From 
the viewpoint of the symmetry between magnetic field 
and electric field in the Maxwell equations, Aharonov 
and Casher predicted that a magnetic moment acquires 
a phase around a charge flux line^. The the Aharonov- 
Casher (AC) effect is weak in the neutron interference 
experiment!^, while recently an enhanced AC effect is re- 
alized in the two-dimensional electron system confined 
in a semiconductor quantum well with strong spin-orbit 
coupling^i. This is another great manifestation of the 
Berry phase. 

The researches on the spin-orbit interaction system^ 
lead to the discovery of the quantum spin Hall (QSH) 
materialiSiii as a new phase of the condensed matter, 
which can be regarded as two copies of the integer quan- 
tum Hall systems for up and down spins with the op- 
posite chiralities. For a strip geometry, the edge states 
for up and down spins propagate in the opposite direc- 
tions along each edge, which are called the helical edge 
modesi^iii^ii^ii^. When the Fermi energy of a QSH sys- 
tem is in the bulk gap, only the edge modes are responsi- 
ble for transport, thus the whole system can be regarded 
as two one-dimcnsional (ID) channels on both edges of 
the strip. 

Recently, Chu et.al. has predicted the AB oscillations 
in the magnetoconductance of a singly connected QSH 
diski^. In this paper, we consider the spin transport 
of a QSH round disk connected to two normal electrodes 
with a vanishing spin-orbit interaction (SOI). The system 
is equivalent to a ID AB ring in which the transport is 



carried out by the helical edge states. The up and down 
spin propagating in opposite directions along the edge 
results in a spin rotation effect under a magnetic field, 
which is a manifestation of the Berry phase in the spin 
space. Besides, because the external magnetic field lifts 
the spin degeneracy, a spin filter effect is found, which 
arises from the spin-resolved resonant tunneling. 



II. THE HAMILTONIAN AND THE SPIN 
ROTATION MECHANISM 

The effective four-band Hamiltonian proposed for a 
HgTe/CdTe quantum well is given hy^ 



H{k) 



( h{k) 
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with h{k) = e{k)l2y.2+da(k)a" , e{k) = C-Dk^, da{k) = 
{Ak^,-Aky,M{k)), and M{k) = M - Bk"^, where we 
have used the basis order \Ei+) , \Hi+) , \Ei~) , ) . 
"El" and "iJi" represent the electron and hole bands, 
and "— " represent the spin along z directionii. For 
a strip geometry, it is well known the Hamiltonian with 
M < has a pair of helical edge modes on each side of 
the strip. Similarly for a round disk geometry we find it 
also has helical edge modes along the edge, each forming 
an ideal ID loop. The spin-up states travel clockwise, 
and the spin-down states travel anti-clockwise. 

When the Fermi energy of a QSH system is in the 
bulk gap, only the edge modes are responsible to trans- 
port. The edge modes can be described by an effective 
ID Hamiltonian 
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ECioik) = vpkaz 



(2) 



where Wi? is the Fermi velocity and is the Pauli matrix 
defined in the (-I-, — ) space, k is the quasi-continuous 
momentum, whose positive direction is defined along the 
azimuthal direction. In this ID Hamiltonian, CTz is a good 
quantum number, and the direction of the motion is cor- 
related to the spin polarization. Obviously this Hamil- 
tonian retains the information in the (+,— ) space and 
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neglects the dynamics in the space, it can be 

used to study the properties of spin quahtatively. 

Now wc consider a QSH round connected to two nor- 
mal electrodes without SOI, an effect similar to the AB 
effect is expected. But the effect here must be different 
from the conventional AB effect because the Hamiltonian 
(12) is relative to spin. If the incident electron is polar- 
ized in the x-y plane (we assume the quantum well is 
grown along the z direction), the polarization direction 
of the outgoing current will rotate in the x-y plane when 
an perpendicular magnetic field is applied on it. The 
magnetic flux through the disk induces the spin current 
oscillation rather than the charge current oscillation in 
the conventional AB effect. The spin rotation process 
can be analyzed through the ID Hamiltonian An 
electron injected from the left electrode polarized along 
positive x direction is represented as a linear combination 
of spin-up and spin-down waves along the z direction, 



(3) 



When they enter the disk, they propagate in virtue of 
the edge states of the QSH disk. The up-spin travels 
in the clockwise direction while the down-spin travels 
in the anti-clockwise direction. When a homogeneous 
magnetic field B = (0,0, B) is applied, the edge states 
can obtain additional phases correlated with the vector 
potential A = e^BRef f /2 when they propagate along 
the edge, where e^p is along the azimuthal direction, and 

-^e// = \/ i^'^) is effective radius of an edge state 
measured from the center of the disk to the ridge of the 
edge state. For a large disk, Reff is about the radius of 
the disk R because the edge state's width is much smaller 
than R. The up- and down-spin obtain different phases 
when they traveling in the opposite directions. At last 
they arrive at the interface to the right electrode and 
recombine into a new wave. 











(4) 

where L = 27ri?e//. The phase difference between up- 
spin and down-spin determine the spin of the outgoing 
wave (Ij) = (2cos(e0e///fi-), — 2sin(e(/)e////i),0), where 
(peff = ^^R^ff is the magnetic flux through the effec- 
tive area enclosed by the edge states, so the spin rotation 
angle is given hy 9 = arctan(((Tj,) / {ax)) = —ec/jeff/fi- 
Taking into account the contribution from the dynamics 
in the {Ei, Hi) space which is omitted by the ID Hamil- 
tonian ([2|), the spin rotation angle is given by 
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where (j)^ = h/e is the magnetic flux quantum, is the 
intrinsic phase shift in the absence of the magnetic field 
which is related to the details of the system such as the 
size, shape and interface. Yokoyama et.al. has studied 



the giant spin rotation happening at the interface be- 
tween a normal metal and a QSH insulator—. Here we 
focus on the spin rotation induced by the magnetic field, 
so introduce 6q as a priori parameter. 



III. NUMERICAL RESULTS 

We consider a two-terminal QSH round disk device 
connected with two normal leads without SOI, as shown 
in Fig. [IJa). The disk is described by the four-band 
Hamiltonian ([T]), the leads are described by a single-band 
Hamiltonian with spin degeneracy. The magnetic field 
B = (0,0, S) is taken into account through the Peierls 
substitution k — > k -I- eA./h with the Landau gauge 
A = {eBy/h, 0,0), the Zeeman splitting is ignored. In 
the tight-binding representation, the Hamiltonian of the 
whole system is given by 



H — Hdisk + Hiead + He 
Da 

a2 



(6) 
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where Hdisk, Hi^ad, He are for the disk, leads and the 
disk-lead coupling, respectively, a € {Ei±, Hi±.} and 
G {Tj-I}- annihilates an a-band eletron on the 
site i = {ix,iy) in the disk, and difj annihilates a spin- 
(3 electron on the site i in the leads, a = 3.3nm is 
the lattice constant, and <52-(y) is the unit vector along 
the x(y) direction. = D + B ioi a £ {Ei±.} and 
Da — D — S for a G {Hi±}. jafS describes the couphng 
between the a-band in the disk and the spin-/? in the 
leads. If the interfacial spin-flip scattering is neglected, 
it can be estimated {'yEi+,-[,"fHi+,h"tEi-,i,"fHi-,i} > 
{lEi+dnHi+dnEi-.ulHi-.t} by comparing the spin 
expectation values of the base o^^'^^ . In the following 
calculation, we assume "YEi+,^ = 7Hi+,t = lEi-,i = 
iHi-A = 7 and 7ei+,x = lHi+,i = lEi~,] = lHi-,\ = 0. 
The on-site energy in the disk is given by 



Va 




M-'=i^,a£{E,±} 



2(D-B) 



(10) 



i G {shadow area} 



which promises the effective geometry is a round disk. 
The on-site energy in the leads is Vl = Cl — and 



Cl = —O.leV promises Fermi energy of the leads is in 
the conduction bancU^. The other parameters we used 
arc A ~ 364.5meV-niTi, B = —686meV ■nm'^ , C = 0, D = 
-512mey -nm^, M = -lOmeV-^. The radius of the disk 
is i? = lOOnm, and the width of the leads are L = SOnm. 

We assume the left lead has a x-spin-polarized poten- 
tial V, the x-spin-resolved Fermi energy in the leads is 
Ef^ - V = Ef^ = Ef^ = Ef. The spin conductance 
with respect to the spin along a-axis in the right lead is 
defined by G" = limy^o J'^/V, where J" is the a-spin 
current in the right lead. The practical calculation bases 
on the lesser Green's function in the right lead, 

= X^^'^ [Tr{a^H,+s^,,Gf,+j] , (11) 

where the lesser Green's function = G'"E^_^G", in 
which G*"'" = [E — H ± iO+] ^ , and the lesser self-energy 

S< = ^U+iGl^ - Gl^)U. Gl^ ^ [gI^Y and G^^ 

is the surface Green's function in the z-spin-up subspace 
for a semi-infinite lead obtained by a recursive method^!. 
U = e^'^v'"!^ is a SU{2) rotation from z-spin to x-spin. 
Although Eq. pip is a function of the x-coordinate, the 
result is independent of because the spin conversation 
in the normal leads without SOI. 

Fig. [2ja) shows the spin conductances as functions 
of the magnetic field for a fixed Fermi energy Ef — 
—O.SmeV. The oscillations on G^, G^ means a spin rota- 
tion in the x-y plane. The spin rotation angle is defined 
by 6* = arctan(G^/G^). Fig. [DJb) shows the rotation an- 
gles as functions of the magnetic field for various Fermi 
energy Ef = — 8,0,4, 8mey. As a comparison, the red 
solid line shows the analytical result from Eq. (O with 
the value assignments = — 0.437r and Reff = R- The 
numerical curves follow the same tendency with the an- 
alytical line. The fluctuations on the numerical curves 
are caused by the evolution in the {Ei,Hi) space which 
is not included in Eq. ([5]). The deviations between the 
numerical curves and the analytical line are because the 
effective radius of the edge states is smaller than the disk 
radius. Wc use Eq. ^ fitting the numerical curves to get 
R^ff/R = 0.98,0.91,0.85,0.75 for Ef = -8,0,4,8meV. 
In the energy regime we study, a smaller effective radius 
is deduced for a higher Fermi energy, which is consistent 
with the results from Chu et.alJ^. The edge states with 
higher energy are wider and penetrate more towards the 
center of the disk, so the enclosed area have a smaller 
effective radius Reff- The phenomenon of the spin ro- 
tation angle depending on the Fermi energy is called the 
dispersibility of the spin rotation effect, on the contrary 
to the nondispcrsibility of the conventional AB effect in 
which the conductance oscillation is independent of the 
energy of the particles22,. The dispersibility here is due 
to the effective ID ring formed by the edge state has a 
energy-dependent area. 

A similar spin rotation has been reported in the scalar 
AB experiment with Neutrons^^, but the result is ex- 
plained unnecessarily by the phase shift difference of the 




FIG. 1; (Color online) (a) Schematic diagram of the tight 
binding model for a two-terminal QSH round disk device, the 
shadow area are assigned very high on-site energy. The re- 
sponse of the pseudo-spin density Sx (b), Sy (c), Sz (d) dis- 
tribution in the disk, the gray regions represent the leads. 
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FIG. 2: (Color online) (a) Spin conductances (solid line), 
(dashed line), G^ (dotted line) as functions of the mag- 
netic field for Ef — —O.SmeV. (b) The rotation angle as a 
function of the magnetic field for various Fermi energy, the 
red solid line is from the analytical formula Eq. ((5} with 
9 = — 0.437r and Reff = R. The blue solid, dashed, dot- 
dashed, dotted lines are from the numerical calculations for 
Ef — —8,0,4, 8meV, respectively. 



AB effect. It can be explained by a classical spin pro- 
cession instead^! We emphasize the spin rotation effect 
wc discover here is a topological effect which can not be 
explained by the classical spin precession. It is a mani- 
festation of Berry's topological phase in the spin space, 
due to the phase interference of the different z-spin com- 
ponents, bearing an analogy to the rotation of linearly 
polarized light in a helically wound optical fiber— i^. 
To see the transport process in the disk detailedly, we 
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calculate the pseudo-spin density distribution S(i) in Fig. 
[1] as a response of the x-spin-polarized potential in the 
left lead. The pseudo-spin is defined in the disk region as 
Sa = I2 ® f^a, where I2 is the unit matrix acting on the 
Hi) space and a a is the Pauli matrix acting on the 
(4-, — ) space. This definition is just the "spin" defined by 
Yokoyama et. alM. Wc note here that the real spin is not 
a good quantum number in the QSH insulator because 
of the spin-orbit coupling. So the pseudo-spin is used 
to distinguish the two states of a Kramers doublet. We 
observe the pseudo-spin density distribution in the disk 
to learn about the way of the electrons' propagation. We 
choose B = 0.0785r and Ef = -8meV, where = 
0.75e^/h, w « in Fig. [SJa). The pseudo-spin 
density response is calculated through the lesser Green's 
function, 
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(12) 



We can see that the pseudo-spin density concentrates on 
the edge of the disk, which ensures the transport is born 
by the edge states. Although the incident electrons are 
polarized along x direction, the local spin on the edge is 
mainly polarized in z direction, and the upper edge and 
the lower edge are occupied by the opposite polarized 
z-spins. The edge states with opposite z-spins acquire 
different phase shifts when they travel along the oppo- 
site edges, resulting in an overall spin rotation in the 
x-y plane after superposition at the interface to the right 
lead. So it is the manifestation of AB effect in the spin 
space. Besides, we can observe the x- and y-spin wave 
along the edge, which is also arising from the interfer- 
ence of the z-spin-up and -down wavefunctions because 
a part of the electron wave is reflected at the interfaces 
to the leads, forming a standing wave along the edge and 
interfering with each other. 



IV. SPIN FILTER EFFECT 

The QSH round disk has a spin filter effect for the spin 
in the z direction when a magnetic field lifts the spin de- 
generacy. The mechanism for lifting the spin degeneracy 
is not the tiny Zeeman splitting but the angular momen- 
tum of the edge state. The edge state travels closely 
to the boundary of the disk, so it has a large angular 
momentum which strongly couples to the extermal mag- 
netic field. We can estimate the energy levels for the edge 
states of a QSH round disk. Zhou et.al. has solved the 
dispersions of the edge states of a QSH strip exactly^!, 
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where E^[E-) derives from the upper (lower) block of 
the Hamiltonian For a large round disk, an an- 

alytical solution gives the quantization condition k w 
(n + 1/2) /Reff^. When a magnetic field B = (0,0, B) 



FIG. 3: (Color online) Energy levels as functions of the mag- 
netic field. The solid lines are from the upper block h{k) and 
the dashed lines are from the lower block h*{~k). The red 
arrow indicate a series of crossing points. 



is applied, the energy level shift in the linear order of B 
is given by 

Ai^.4(rxv).B.T|fi^e,/. (14) 

So the energy dispersions for the edge states are approx- 
imately given by 



E±in) 
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B^ 



2n+l eB ^ 

T —^eff 



2R 



eff 



2h 



(15) 

For a disk with R = lOOnm, the dispersions calculated 
by the tight-binding method are shown in Fig. [31 which 
are in agreement with Eq. (|15[) very well. The solid lines 
are from the upper block h(k) and the dashed lines are 
from the lower block h*{—k) in Hamiltonian ([T|). The 
energy levels are linear functions of the magnetic field, 
the spin-up levels and spin-down levels shift oppositely 
and cross each other. The red arrows indicate a series of 
crossing points. From the energy dispersions Eq. (|15p . 
we can estimate the crossing points locate at (j)eff{n) = 
ri(/)o/2. In Fig. [31 the crossing points shift right when 
the energy is higher, that means the effective radius of 
a higher-energy edge state is smaller, that is consistent 
with the deductions from Fig. [Dj^b) and Ref. [l6l . 

The lifting of the z-spin degeneracy in a magnetic field 
can induce a spin filter effect. If we consider the round 
disk as a quantum dot, the tunneling current through it 
must be z-spin polarized. We use the non-equilibrium 
Green's function to calculate the z-spin resolved conduc- 
tance. Still for the geometry in Fig. [IJa), the left lead 
has a higher Fermi energy than the right lead, E^ — V = 
EJ' = Ef, and the Fermi energy is spin- independent so 
that the incoming current is unpolarized. The z-spin- 
resolved conductance is defined by G^ = limy^o J^/V : 
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FIG. 4: (Color online) (a) The z-spin resolved conductance 
as a function of the Fermi energy with a magnetic field B — 
0.025r, the red (blue) lines represent Gf (GJ). (b) The z- 
spin polarization ratio of the conductance as a function of 
the Fermi energy. In the both subgraphs, the solid, dashed, 
dash-dotted lines are for the disk-lead coupling 7 = 1, 0.6, 0.2, 
respectively. 



where J^(J^) is the z-spin- up(down) component of the 
outgoing current in the right lead. The practical calcu- 
lation bases on the lesser Green's function, 



2e= 



^Re[rr(a^i7i+^^4Gr^.^,J 



1 \ , (00 
'"T = I j'^i^ 1 



(16) 
(17) 



Same to Eq. pdj) . the results are independent of ix be- 
cause of the spin conservation in the leads. The charge 
conductance Gc = + and the z-spin conductance 
G^ = G^ — G^^. The z-spin-resolvcd conductances as func- 
tions of the Fermi energy are shown in Fig. Ufa) with 
three different disk-lead coupling 7 in the Hamiltonian 
dSD. The magnetic field is fixed at S = 0.025T, and 
the Fermi energy can be adjusted by a gate voltage in 
experiments. The spin-resolved resonant tunneling hap- 
pens when the Fermi energy is aligned with any energy 
level of the disk. We define the spin polarization ratio 
of the conductance P = G^/I, which is shown in Fig. 

for the corresponding 7. For a smaller 7, the con- 
ductance peaks are narrower, so the separation of the 
spin-up and spin-down conductances is clearer, thus the 
spin polarization ratio is larger. At some Fermi energy. 



the spin polarization ratio reaches ±100% when 7 = 0.2. 
At this time, only one edge state with a specific z-spin 
takes charge of the transport, so the outgoing current in 
the right lead is totally polarized, the QSH round disk 
exhibits a perfect spin filter effect. 

V. CONCLUSION 

In conclusion, we study the spin transport of a QSH 
round disk device connected to two normal electrodes 
without SOI. An in-plane spin rotation effect is discov- 
ered as a manifestation of the AB effect in the spin space. 
This phenomenon arises from the interference of the z- 
spin-up and -down edge states which acquire different 
phase shifts when traveling in the opposite directions. 
The spin rotation angle is related to the magnetic flux 
through the effective area enclosed by the helical edge 
states. 

Besides the spin rotation effect, the QSH round disk 
has a z-spin filter effect when the bias voltage is spin- 
independent. The effect is due to the electron's tunneling 
through the disk via its discrete spin-separating energy 
levels when a magnetic field lifts the spin degeneracy of 
the system. This effect is notable when the couplings be- 
tween the disk and leads are weak. For a small disk-lead 
coupling, the z-spin polarization ratio of the outgoing 
current can reach ±100% if an appropriate gate voltage 
and magnetic field are applied. 

The two effects arc both induced by the helical edge 
states of the QSH material, they arc not sensitive to the 
size and the shape of the disk as long as the circumference 
of the disk is smaller than the coherent length of the 
edge states. We hope the effects discovered here can help 
designing multi-functional spintronic devices and show 
technological applications in the quantum computing and 
microelectronics. 
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